> restart:
with(LinearAlgebra):
with(VectorCalculus):
with(plots):
Plots
[> PV := proc(v,col,wid)
PlotVector (v, color=col, width=.03*wid, head_width=.1*wid, border=
false, scaling=constrained);
end proc:
PA := proc(vl,v2)
plot([(cos(t)*vl[1l]+sin(t)*v2[1l])/4, (cos(t)*v1[2]+sin(t)*Vv2[2])/4,
t=0..Pi/2]);
end proc:
PL := proc(P,Q,col,wid)
local t;
plot ([ (1-t)*P[1]+t*Q[1l], (1-t)*P[2]+t*Q[2],t=0..1],color=col,
thickness=4);
end proc:
PT := proc(v,lab)
local tf,n;
tf := 0.1;
n := sqrt(v[1l]"2+v[2]"2):
if n<>0 then
textplot([v[1]*(1+tf/n),v[2]*(1+tf/n),lab])
else
textplot([tf,tf,lab])
fi;
end proc:
el := Vector([1,0]):
e2 := Vector([0,1]):
E := Matrix([ [1,0], [0,1] 1):
PC := proc(A,N,col,wid)
local v1,v2,tf;
vl := MatrixVectorMultiply(A,el);
v2 := MatrixVectorMultiply(A,e2);
tf := 1.1;
PV(vl,col[1l],wid), PV(v2,col[2],wid), PA(vl,v2), PT(vl, N*e[l]), PT
(v2,N*e[2]);
end proc:

F1nde Fundamentallosung des linearen Gleichungssystems Bv=0 fiir eine reelle 2x2-Matrix B vom Rang
| 1:

[> LGS := proc(B);

local a,b,c,d,v;

b := B[1,2];
c := B[2,1];
d := B[2,2]}

if ev alf(aA2+b 2) > evalf(c”2+d"2)
then v := Vector([b,-a])

else v := Vector([d,-c])

fi;

# Reskaliere zu Betrag 1

v := v/sqrt(v[1l]"2+v[2]"2);

end proc:



Jordannormalform einer reellen 2x2-Matrix:
| A=UJU”(-1) mit Jordannormalform J und Ubergangsmatrix U

> JNF := proc(A,out)
local CharPol,Spur,Det,Disc,Eigenwert,Eigenvektor,B,U,J,v1l,v2,V;
# Charakteristisches Polynom
CharPol := collect(expand((X-A[1l,1])*(X-A[2,2])-A[1,2]*A[2,1]),X);
if out=verbose then
print ("Charakteristisches Polynom:", CharPol) fi;
Spur := -coeff(CharPol, X,1);
Det := coeff(CharPol, X,0);
# Diskriminante
Disc := evalf(Spur”2-4*Det);
if Disc>0 then
# Fall 1: verschiedene reelle Eigenwerte
Eigenwert := convert([solve(CharPol,X)],list);
if out=verbose then
print ("zwei verschiedene reelle Eigenwerte",Eigenwert[1],
Eigenwert[2]) fi;
Eigenvektor := [seq(
LGS (Matrix ([ [A[l,1]-Eigenwert[i],A[l,2]],
[A[2,1],A[2,2]-Eigenwert[i]] ]))
,i=1..2)];
J := Matrix([ [Eigenwert[1],0],
[0,Eigenwert[2]] ]
U := convert (Eigenvektor,Matrix)
elif Disc=0 then
# Fall 2: zweimal derselbe reelle Eigenwert
if A[1,2]=0 and A[2,1]=0 then
# Fall 2a: Skalarmatrix
if out=verbose then
print ("Skalarmatrix mit reellem Eigenwert der Vielfachheit 2")

2;

fi;

J := A; )

U := Matrix([ [1,0], [0,1] 1);
else

# Fall 2b: Jordanblock der Grosse 2x2:
Eigenwert := solve(CharPol,X)[1l];
if out=verbose then
print ("Jordanblock der Grosse 2x2 zum reellen Eigenwert",
Eigenwert) fi;
v2 := Vector([1,0]);
vl := MatrixVectorMultiply(A,v2)-Eigenwert*v2;
if v1[1]=0 and v1[2]=0 then
v2 := Vector([O0,1]);
vl := MatrixVectorMultiply(A,v2)-Eigenwert*v2;
fi;
J := Matrix([ [Eigenwert,1l], [O,Eigenwert] ]);
U := convert([vl,v2],Matrix);
fi;
else
# Fall 3: nicht-reelle Eigenwerte
if out=verbose then
print ("nicht trigonalisierbar") fi;
v2 := Vector([1,0]);
vl := MatrixVectorMultiply(A,v2);
:= Matrix([ [Spur,1l], [-Det,0] ]1);
:= convert([vl,v2],Matrix);




U := simplify(U);
J := simplify(J);
if out=verbose then B
print ("Jordannormalform",J, "Ubergangsmatrix" ,U) f£fi;
# Teste Korrektheit:
( *
V := MatrixMatrixMultiply(A,U)-MatrixMatrixMultiply(U,J);
if Determinant (U)<>0 and
expand(V[1,1])=0 and
expand(V[1,2])=0 and
expand(V[2,1])=0 and
expand(V[2,2])=0
then
# Okay
else
print ("Falsch:" ,A,Determinant (U) ,MatrixMatrixMultiply(A,U),
MatrixMatrixMultiply(U,J),V);
fi;
*

[J,U];
end proc:

;Visualisierung Jordannormalform:

> JNFVis := proc(Al);
local Ju,J,ul,u,AU,AUl,A,F,P;
JU := JNF (Al,verbose);
J := JUu[1l];
Ul := Ju[2];
AUl := MatrixMatrixMultiply(Al,Ul);

P[1l] := PC(E,1, [navy, "DarkCyan"],1);

P[2] := PC(Al,'A',["CornflowerBlue",6aquamarine],l);
P[3] := PC(Ul,'U',[coral,orange],2);

P[4] := PC(AUl, 'AU',["Navajowhite","LightCoral"],2);
P[O] := P[1l],P[2],P[3],P[4];

F := proc(t) display(P[t]) end proc:

animate(F,[t],t=[0,1,2,3,4]);

| end proc:

> A := Matrix([ [2,1], [1,2] 1);
JNFVis (A) ;
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> A := Matrix([ [2,1], [-1,0] 1);
JNFVis (A);
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[> A := Matrix([ [-1,1], [0,2] 1);
JNFVis (A);
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> A := Matrix([ [-1,1], [-1,0] 1);
JNFVis (A);
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| Visualisierung Jordannormalform einer Schar von Matrizen

> JNFVisAll := proc(Al);
local JU,J,Ul,U,AU,AUl1,A,F,P;
JU := JNF(Al,silent);
J := JU[l];
Ul := Ju[2];
AUl := MatrixMatrixMultiply(Al,Ul);
P[1l] := PC(E,1, [navy, "DarkCyan"],1);
P[2] := PC(Al,'A',["CornflowerBlue",6 aquamarine],l);
P[3] := PC(Ul,'U',[coral,orange],2);
P[4] := PC(AUl, 'AU',["Navajowhite", "LightCoral"],2);
display(P[1],P[2],P[3],P[4]);
end proc:
> M := Matrix([ [1,t/10], [1,1] 1);
animate (JNFVisAll, [Matrix([ [1,t/10], [1,1] ])],t=[seq(s,s=-20..20)
1)
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Spektralsatz: Diagonalisierung einer symmetrischen reellen 2x2-Matrix und Bestimmung der
Hauptachsen:
| A=UJU"(-1)=UJUAT mit Diagonalmatrix J und orthogonaler Matrix U
> Spektral := proc(A,out)

local CharPol, Spur,Det,Disc,Eigenwert,U,J,v1l,v2,nl,V;

if A[1,2]<>A[2,1] then

print ("Matrix nicht symmetrisch")

else

# Charakteristisches Polynom

CharPol := collect(expand((X-A[1l,1])*(X-A[2,2])-A[1,2]*A[2,1]),X);

if out=verbose then

print ("Charakteristisches Polynom:",CharPol) fi;

Spur := -coeff(CharPol, X,1);

Det := coeff(CharPol,X,0);

# Diskriminante

Disc := evalf(Spur”2-4*Det);

if Disc>0 then

# Fall 1: verschiedene reelle Eigenwerte

Eigenwert := convert([solve(CharPol,X)],list);

if out=verbose then

print ("Eindeutige Hauptachsen zu verschiedenen reellen
Eigenwerten") fi;
vl := LGS(Matrix([ [A[l,l]-Eigenwert[1l],A[l1,2]],
[A[2,1],A[2,2]-Eigenwert[1]] ]));
:= sqrt(v1[1l]"2+v1[2]"2);
:= vl/nl;
:= Vector([-v1[2],v1[1]
= convert([vl,v2],Matri
= Matrix([ [Eigenwert[1l
[0,Eigenwert

elif Disc=0 then
# Fall 2: Skalarmatrix
if out=verbose then

print ("Skalarmatrix mit reellem Eigenwert der Vielfachheit 2")

|—|I—lxl—l
NS

fi;

J := A;

U := Matrix([ [1,0], [O,1] ]1);
fi;

# Output

U := simplify(U);

J := simplify(J);

if out=verbose then

print ("Jordannormalform",J, "Ubergangsmatrix" ,U) £i;
# Teste Korrektheit:
(*
V := MatrixMatrixMultiply(A,U)-MatrixMatrixMultiply(U,J);
if Determinant (U)<>0 and
expand(V[1,1])=0 and
expand(V[1l,2])=0 and
expand(V[2,1])=0 and
expand (V[2,2])=0
then
# Okay
else
print ("Falsch:" ,Determinant (U) ,MatrixMatrixMultiply(A,U),
MatrixMatrixMultiply(U,J));
fi;
*

[J,U];



fi;
| end proc:
| Visualisierung Spektralsatz:

> SpektralVis := proc(Al);
local Jvu,J,uU1,u,v,AU,AUl,A,F,P,Quadrik;
JU := Spektral (Al,verbose);
J := JU[l];
Ul := Ju[2];
AUl := MatrlxMatrlxMultlply(Al ul);

P[1] := PC(E,1,[navy,’ DarkCyan"] 1);

P[2] := PC(Al,'A',["CornflowerBlue“,aquamarine],1);
P[3] := PC(Ul,'U',[coral,orange],2);

P[4] := PC(AUl, 'AU',["Navajowhite","LightCoral"],2);
P[O] := P[1],P[2],P[3],P[4];

Quadrlk := implicitplot(Al[1l,1]*x"2+(Al1l[1,2]+A1l[2,1])*x*y+Al[2,2]*
y*2-1, x=-2..2, y=-2..2, color—"DarkV1olet"),
F := proc(t) dlsplay(P[t] Quadrik) end proc:
animate(F,[t],t=[0,1,2,3 4]),
| end proc:
> A := Matrix([ [2,1], [1,2] 1);

SpektralVis(A);
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> A := Matrix([ [-2,1], [1,2] 1);
SpektralVis (A);
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> A := Matrix([ [1,1], [1,-2] 1);
SpektralVis(A);
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| Visualisierung Spektralsatz fiir eine Schar von Matrizen

> SpektralVisAll := proc(Al);

local Jvu,J,uvu1,u,v,AU,AUl,A,F,P,Quadrik,Pall;
JU := Spektral(Al,silent);

J := JU[l];

Ul := JU[2];

AUl := MatrixMatrixMultiply(Al,Ul);

P[1] := PC(E,1, [navy,"DarkCyan"] 1);
P[2] := PC(Al,'A',["CornflowerBlue“,aquamarine],1);
P[3] := PC(U1, U [coral orangel],2);

P[4] := PC(AUl, "AU’ ,["NavaJoWhlte" "nghtCoral"] 2);

Quadrik := implicitplot(Al[1, 1]*xA2+(A1[1 2]+A1[2,1]) *x*y+Al[2,2]*

y*2-1, x=-4..4, y=-4..4,color=' DarkV1olet"),

Pall[0] := display(P[l],P[Z],P[3],P[4],Quadrik);

end proc:

> animate(SpektralVisAll, [Matrix([ [1,1], [1,t/10] ]1)]1,t=[seq(s,s=
-20..20)]1);

t=20.
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> animate(SpektralvisAll, [Matrix([ [1,t/10], [t/10,1] ]1)],t=[seq(s,s=
-30..30)]);
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| Argument eines Vektors
> argu := proc(x,Y)
if y=0 then
if x>=0 then O
elif x<0 then Pi
fi;
else 2*arctan(y/(sqrt(x"2+y~2)+x))
fi;
end proc:




QR-Zerlegung einer reellen 2x2-Matrix:
| A=QR mit orthogonaler Matrix Q und rechter oberer Dreiecksmatrix R
> OR := proc(Al)

local a,b,c,d,n,0,01,R,R1;

a := al[1,1];

c := Al[2,1];

if ¢<>0 then

n := sqrt(a“2+c”2);

01 := Matrix([[a/n,-c¢/n],[c/n,a/n]]);
Rl := MatrixMatrixMultiply(Transpose(Ql),Al);
else
01 := IdentityMatrix(2);
R1 := Al;
fi;
print (Q=01,R=R1l);
01,R1

| end proc:
> A := Matrix([ [2,1], [1,2] 1);

OR(A):
2 1
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> A := Matrix([ [1,2], [-1,3] 1);
OR(A):
1 2
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| Visualisierung QR-Zerlegung:
> QORVis := proc(Al);
local 9,01,R,R1l,el,e2,EndAchsen,Zeich,Fig,theta,n0,n,i,A;
01,R1 := QR(Al);
# Zeichnung
el := Vector([1,0]);
e2 := Vector([0,1]);
EndAchsen := {PV(MatrixVectorMultiply(Al,el), "CornflowerBlue",6 4),
PV (MatrixVectorMultiply(Al,e2),aquamarine, 4)};
Zeich := proc(T)
local v1,v2;
vl := MatrixVectorMultiply(T,el);
v2 := MatrixVectorMultiply(T,e2);
display({PV(vl,navy,2),
PV(v2,"DarkCyan",2),




PL( v1+v2, v1l-v2,coral,4),
PL( vl1-v2,-vl-v2,coral,4),
PL(-v1l-v2,-v1+v2,coral,4),
PL(-v1l+v2, vl+v2,coral, 4)}
union EndAchsen);
end proc:
# Drehwinkel
theta := argu(Q1[1,1],01[2,1]);
# Fallunterscheidung
Fig := proc(n)
local E;
if n<nO0 then
E := IdentityMatrix(2);
Zeich(E+n/n0* (R1-E));
else
Zeich(MatrixMatrixMultiply (
Matrix ([ [cos((n/n0O-1)*theta),-sin((n/n0-1)*theta)],
[sin((n/n0-1)*theta), cos((n/n0-1)*theta)]]),
R1));
fi;
end proc:
# Figur zeichnen
n0 := 20;
animate(Fig, [n],n=[seq(i,1i=0..2*n0)]);
end proc:
> A := Matrix([ [2,1], [1,2] 1);
ORVis (3);




> A := Matrix([ [1,2], [-1,3] 1);
ORVis(A);
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> A := Matrix([
ORVis (A);

n=40.

_4—
[1,21, [1,0] 1);




> A := Matrix([ [-1,1], [0,2] 1);
ORVis(A);
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Singuldrwertzerlegung einer reellen 2x2-Matrix:
| A=QDR mit orthogonalen Matrizen Q, R und Diagonalmatrix D
> Sing := proc(A,out)
local B,JU,R,D,QD,Q,vl,v2,V;
# Wende Spektralsatz auf A*TA an:
B := MatrixMatrixMultiply(Transpose(A),A);
JU := Spektral(B,silent);
# rechte orthogonale Matrix :
R := Transpose(JU[2]);
# Diagonalmatrix
D := Matrix([ [sqrt(Ju[l][1,1]),0], [O,sqrt(JU[1][2,2])] ]);
# linke orthogonale Matrix
OD := MatrixMatrixMultiply(A,JU[2]);
if D[1,1]<>0 then
if D[2,2]<>0 then
Q := Matrix([ [@D[1,1]/D[1,1],0D[1,2]/D[2,2]], [QD[2,1]/D[1,1],QD
[2,2]/D[2,2]] 1);
else
vl := Vector([QD[1,1]/D[1,1],0D[2,1]/D[1,1]]);
v2 := Vector([-v1[2],v1[1]]);
Q := convert([vl,v2],Matrix);
fi
elif D[2,2]<>0 then
v2 := Vector([OD[2,1]/D[2,2],0D[2,2]/D[2,2]]);
vl := Vector([v1l[2],-v1[1]]);

Q := convert([vl,v2],Matrix);
else

Q := Matrix([[1,0],[0,11]);
fi;

Q0 := evalf(Q);

D := evalf(D);

R := evalf(R);

if out=verbose then

print(Q,D,R) fi;
Teste Korrektheit:

#

(*

V := MatrixMatrixMultiply(Q,MatrixMatrixMultiply(D,R))-A;

if abs(V[1,1])+abs(V[1,2])+abs(V[2,1])+abs(V[2,2])>10"(-5) then
print ("Falsch:" ,A,V);

fi;

*

[Q,D,R];
| end proc:
| Visualisierung Singuldrwertzerlegung:
> SingVis := proc(Al);
local ODR,90,01,D,D1,R,R1,E,theta,phi,d,Cc1,Cc2,P1l,P2,AP1,AP2,n0,n,i,
A,Fig;
QﬁR :; Sing(Al,silent);
01 := QDR[1];
D1 := QODR[2];
Rl := QODR[3];
# Integriere Spiegelung in Diagonalmatrix
if Determ@nant(Ql)<0 then
E := Matrix([[1,0],[0,-1]1);
D1 := MatrixMatrixMultiply(E,D1l);
01 := MatrixMatrixMultiply(Q1l,E);
print ("Spiegelung in Diagonalmatrix integriert");
fi;
print(Q=Ql,D=D1,R=R1);




# Drehwinkel

theta := argu(R1[1l,1],R1[2,1]
phi := argu(Ql[1,1],01[2,1]
# Figur vor und nach 1. Schritt

P1[0] := Vector([1,0]);

°
14
°
4

P2[0] := Vector([0,1]);

P1[1l] := MatrixVectorMultiply(R1,P1[0]);

P2[1] := MatrixVectorMultiply(R1,P2[0]);

d := max(abs(R1[1,1]),abs(R1[1,2]));

Cl[1] := Vector([d,d]);

C2[1] := Vector([-d,d]);

Cl[0] := MatrixVectorMultiply(Transpose(R1l),Cl[1]);
C2[0] := MatrixVectorMultiply(Transpose(R1l),C2[1]);
# Figur nach 2. Schritt

Cl[2] := MatrixVectorMultiply(D1l,Cl[1l]);

C2[2] := MatrixVectorMultiply(D1l,C2[1]);

P1[2] := MatrixVectorMultiply(D1l,P1[1]);

P2[2] := MatrixVectorMultiply(D1l,P2[1]);

# Vektoren am Ende

APl := MatrixVectorMultiply(Al,P1[0]);

AP2 := MatrixVectorMultiply(Al,P2[0]);

# Figur zeichnen

n0 := 20;

Fig := proc(n)

local M,Cla,C2a,Pla,P2a;

if n<nO then

M := Matrix([ [cos(n/nO*theta),-sin(n/nO*theta)],
[sin(n/nO*theta), cos(n/nO*theta)]]);

Cla := MatrixVectorMultiply(M,C1[0]);
C2a := MatrixVectorMultiply(M,C2[0]);
Pla := MatrixVectorMultiply(M,P1[0]);
P2a := MatrixVectorMultiply(M,P2[0]);

elif n<2*n0 then

|
1
2]
(2-n/n0)*C2[1]+(n/n0-1)*C2[2]
2]
2]

Cla := (2-n/n0)*C1l[1]+(n/n0-1)*C1l[2];
C2a := ;
Pla := (2-n/n0)*P1[1]+(n/n0-1)*P1[2];
P2a := (2-n/n0)*P2[1]+(n/n0-1)*P2[2];
else

M := Matrix([ [cos((n/n0-2)*phi),-sin((n/n0-2)*phi)],
[sin((n/n0-2)*phi), cos((n/n0-2)*phi)]]);

Cla := MatrixVectorMultiply(M,C1l[2]);
C2a := MatrixVectorMultiply(M,C2[2]);
Pla := MatrixVectorMultiply(M,P1[2]);
P2a := MatrixVectorMultiply(M,P2[2]);
fi;

display(PV(Pla,navy,1l),
PV(P2a, "DarkCyan", 1),
PV (AP1, "CornflowerBlue",2),
PV(AP2, "aquamarine”,2),
PL(Cla,C2a,coral,5),
PL(Cla,-C2a,coral,5),
PL(-Cla,C2a,coral,5),
PL(-Cla,-C2a,coral,5))

end proc:

animate(Fig, [n],n=[seq(i,i=0..3*n0)]);

| end proc:

> A := Matrix([ [2,1]1, [1,2] 1);

SingVis (A);
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> A := Matrix([ [-2,11, [1,2] 1);
SingVis(A);
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> A := Matrix([ [1,2], [1,0] 1);
SingVis(A);
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> A := Matrix([ [-1,1], [0,2] 1);
SingVis(A);
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